Abstract -In this paper we consider numerical algorithms for solving the system of nonlinear PDEs, arising in modeling of liquid polymer injection. We investigate the particular case where a porous preform is located within the mould, so that the liquid polymer is flowing through a porous medium during the filling stage. The nonlinearity of the governing system of PDEs is due to the non-Newtonian behavior of the polymer, as well as to the moving free boundary. The latter is related to the penetration front, and a Stefan type problem is formulated to take into account. A finite-volume method is used to approximate the given differential problem. Results from numerical experiments are presented. We also solve an inverse problem and present algorithms for determination of the absolute preform permeability coefficient for the case where the velocity of the penetration front is known from the measurements. In both considered cases (direct and inverse problems), we focus on the specificity related to the non-Newtonian behavior of the polymer. For completeness, we also discuss the Newtonian case. Results of some experimental measurements are presented and discussed.
Introduction
Composite materials are widely used in automotive, aerospace, railroad, marine, and many other industries. Liquid composite moulding is a family of technologies to manufacture composite materials. These technologies (see, e.g., [5, 35, 38, 43] ) are of great economical interest for manufacturing high-quality composite parts. The essence of the discussed technologies is that a dry fibrous mat, which forms a porous preform, is placed in the mould and then a liquid polymer is injected. In this way an accurate orientation of the fibers within the composite parts is achieved, permitting moulding parts with desired mechanical properties. In order to reduce the production costs of manufactured parts, mathematical modeling and numerical simulation are more and more extensively used at the design stage. Because the filling of the mould is the most critical part of the process, most efforts are concentrated on its study. The review articles [9, 39] give an idea about most of the mathematical models and numerical algorithms developed in this area. The majority of models (see, e.g., [9] and references therein) use the linear Darcy model to describe the liquid polymer flow through the porous preform, the last being considered in the rigid body approximation. It should be noted that such models are not valid for the flow of non-Newtonian fluids, and do not take into account the compressibility of the fibrous mat. Therefore, these models have a limited field of application in modeling the polymer moulding. More advanced models consider either the coupled problem for a Newtonian fluid in deformable porous media (see, e.g., [1, [15] [16] [17] [18] 39] ) or the flow of a non-Newtonian fluid in a rigid porous medium (see, e.g., [44] ). The most complete formulation concerning the non-Newtonian flow in a deformable porous medium has up to now been little studied.
Several challenging mathematical problems have to be solved in connection with the simulation of the liquid polymer moulding. Among them are the development of accurate numerical algorithms for solving the nonlinear free boundary direct problems, analysing and solving inverse problems (e.g., parameter estimation, etc.). This paper considers several aspects of the modeling of LPM processes. These are:
(i) presentation of the complete model for the non-Newtonian fluid flow in deformable porous media;
(ii) solution of the inverse problem for determining the permeability in the case where the penetration front is known from the measurements;
(iii) development of a finite volume numerical algorithm for solving the 1-D direct problem.
First of all, a complete model for the non-Newtonian fluid flow in deformable porous media is given. The curing (i.e., polymerization) is also taken into account. The model assumes a sharp interface between the filled (wet) part of the porous preform and the unfilled (dry) part. A justification of this assumption for certain process regimes can be found, e.g., in [39] . For the approach dealing with an unsaturated subregion we refer to the discussion in [9] . In the next section we recall the 3-D model from [15] [16] [17] [18] 39] which treats Newtonian fluids, but takes into account the deformation of the preform and the curing. The third section is devoted to a more detailed discussion of the model for the 1-D case. The fourth section concerns the extension of this model to the case of non-Newtonian fluids.
The parameter (i.e., permeability) identification is discussed in Section 3 for the Newtonian case, and in Section 4 for the non-Newtonian case. In Section 5 The Forchheimer law is formulated instead of Darcy's law for large enough flow velocities, when inertial effects are important.
The evaluation of the permeability of a porous material is a very important step in the optimization of liquid composite moulding technologies. Currently the most reliable method for determining the permeability is experimental [35] . But it is well known that this approach inherits several major drawbacks (see, [3] ). Therefore, a lot of efforts are focused on alternative ways for permeability evaluation. Investigations are carried out on both microand macro-scales. For simple preform structures (unidirectional fiber arrays, random mats, or simplistic fabric-like structures) the results of permeability modeling on the micro-scale are presented in [12, 19, 37, 41] . Simulation on the macroscale leads to the solution of systems of PDEs describing the liquid flow in porous media, and here some general assumptions about the dependence of the flow velocity on the permeability are usually made a-priori. We should mention that in all experiments the macro-scale behaviour of the flow is observed, thus the interpretation and comparison of the results obtained using a numerical approach are much simpler for macro-scale models. We also mention a paper of Ghaddar [20] , where a parallel computational approach for the evaluation of the permeability of unidirectional fibrous media is presented.
The determination of the permeability is critical for the simulation of the filling. Once the permeability is known, the polymer injection can be simulated by analytical or numerical methods. Analytical solutions for the infiltration front position are presented in Section 6 for both cases: Newtonian and non-Newtonian fluids. This information is related to the task of permeability evaluation and determination of the fluid properties.
Section 7 is devoted to a numerical algorithm for solving the governing system of PDEs. Finite volume discretization, treating the moving boundaries, decoupling of the system, and results from some numerical experiments, are consecutively discussed there. An algorithm in the Lagrangian coordinate system is presented in Section 8. In the last section, the results of the numerical simulations are presented and discussed.
Some preliminary results of this report were published in [10] .
2.1.4. Degree of curing. As the liquid is moving, the evolution of the degree of cure is modelled by the equation
where f c is the experimentally determined function describing the chemical reaction. The most popular model is proposed by Kamal-Sorour
where R is the universal gas constant, E i denotes the activation energies, and c i denotes the characteristic constants for the reactions.
Mathematical model in the dry region
We proceed in a way similar to the one outlined for the wet region. However some additional assumptions can be made, which enable us to simplify the model.
(D1) The air pressure is everywhere equal to the atmospheric pressure;
(D2) The gas contribution to the global stress may be neglected;
(D3) The mass average velocity is equal to the velocity of the solid constituent and the composite density ρ m ≈ Φ 
The Mass Conservation Equation is
∂Φ d s ∂t + ∇ · (Φ d s v d s ) = 0 .
The Momentum Balance Equation is
∇ · T We will assume that the wet and dry solids behave elastically.
The Energy Balance Equation is
where Λ w s is the thermal conductivity of the solid.
Interface and boundary conditions
Infiltration front. Let the infiltration interface σ i be given by the surface
This surface moves together with the propagation of the liquid, thus its evolution equation is given by
Preform border. Let the contact surface σ e between the liquid and the wet solid be given by ψ e (x, y, z, t) = 0 .
As the resin penetrates the porous solid, this material surface is fixed on the solid, and, therefore, its evolution equation is
Jump conditions for material surfaces. Considering the mixture as a whole, the following jump conditions are obtained for material surfaces [16, 17, 31] [
where n σ is the normal outside D w . It follows from (2.6) that
Using (2.8), (2.9) gives the continuity of the stress T m across the the surface:
In the one-dimensional case assuming the same constitutive equation of the elastic type for the wet and dry solids, this implies the continuity of Φ s across σ i , and then we get from (2.6) the continuity of v s .
If the specific heat of the solid is continuous across σ i , the temperature fluxes satisfy the following condition:
Boundary conditions on σ e . Let the superscript − denote the quantities evaluated in the pure liquid region. Then we have the following conditions:
where v in is the inflow velocity of the resin and P 0 is the pressure driving the flow. Thus, in the wet region we have Φ w s (σ e , t) = Φ r , where Φ r is the solid volume fraction in the dry undeformed preform.
The temperature on σ e is θ = θ in , where θ in is the temperature of the infiltrating liquid.
Boundary conditions for the curing equation. The curing equation (2.5) is hyperbolic, thus, the boundary conditions δ(σ e ) = δ in must be specified on the part of the boundary where the characteristics enter the domain (the resin enters the preform), i.e., where (v
One-dimensional infiltration
This section deals with one-dimensional problems (see [1, [15] [16] [17] ). Unidirectional injection is obtained in a flat mold of constant thickness when one side of the mold is connected to the injection channel. It is assumed that the permeability is homogenous and the edge effects can be neglected. Then the flow front is a straight line and a 1D model can be used to describe this case.
Assume that the porous medium is initially dry, homogeneous, isotropic and that the flow and the strain take place only along the x-axis. Let us denote by x = x e (t) the left border of the preform which can move (due to the preform's compression) when the liquid touches it. The infiltration front x = x i (t) separates the wet region D w from the remaining dry region
As infiltration proceeds, both the dry and wet preforms contract or expand back according to the process conditions. The one-dimensional mathematical model is obtained from the system of equations given in the previous section.
For t 0, the whole preform is dry, at rest, and compressed at a given volume ratio
where Φ r is the solid volume fraction of the solid preform in its undeformed configuration.
Wet region
In the wet region, the following equations are satisfied:
3)
where τ w is the xx component of T m :
and K is the xx component of the permeability tensor K = (K) xx .
3.1.1. Constitutive models. We still need to specify the constitutive equations for the stresses. At equilibrium the stress is usually related to the strain by a nonlinear relation, which can be determined by static stress-strain measurements. It should be noted that in one-dimensional problems the strain is related to the volume ratio, i.e., to Φ s . Two models can be used.
(WA1) Considering the elastic model for the wet porous medium, the preform means that
, where Σ w is a strictly increasing function. Most frequently it is assumed that
Then the continuity of the stress across x i implies also the continuity of the Φ s . If the wet and dry preforms behave elastically with Σ d = Σ w , then the continuity of Φ s across x i does not hold any more.
(WA2) Due to the fact that the solid and liquid matrices cannot deform independently but have to carry the load by joint deformations, the wet preform can be modelled using the nonlinear Kelvin-Voigt law λ ∂τ
where λ is called the relaxation time, Λ is the retardation time, and the inequality Λ λ is satisfied. If λ = Λ and suitable initial conditions are used, then this equation allows the solution
e., the material behaves elastically.
(DA3) The dry preform is always assumed to behave elastically
where Σ d is a strictly increasing function of the solid volume fraction. 
The boundary x e (t) is fixed to the solid phase and moves at a velocity v s . Specializing the jump condition formulated in previous section and writing it for the one-dimensional problem
one can obtain the following equalities:
Taking the limits on both sides of the boundary, we prove that the composite velocity is continuous across x e (t), and thus we have
Here u in (t) is the velocity of the infiltrated liquid. Using Darcy's law (3.3), we can express the velocities of the solid and liquid constituents
The infiltration front x i (t) moves with the liquid, thus we have the initial value problem
where Q is given by
and evaluated at the infiltration front from the wet region.
Determination of the permeability. It follows from (3.7) that the permeability of the homogeneous structure can be determined as
, if experimental measurements of the interface velocity v w l (x i (t), t), the volume fraction occupied by the solid Φ w s , and pressure gradients are available.
Dry region
Since the interaction between the air and the solid can be assumed negligible, there is no pressure drop in the air. Therefore, P d (x, t) = P atm , where P atm is the atmospheric pressure. Let τ d be the xx component of the excess stress tensor in the dry region, then we obtain
If the dry preform is assumed to behave elastically, then equations (3.6) and (3.
Then the continuity equation implies that
and the velocity satisfies the linear ODE with respect to the space coordinate
. (i.e., the preform is constrained by a fixed draining boundary at x = L and its velocity vanishes there), one has
Neglecting the influence of the air, we get the simplified heat equation
3.2.1. Velocity driven infiltration. Now we will finish the analysis of this case. From the general jump conditions formulated in the previous section (here we use the velocity of the infiltration interface) one can obtain the following equalities:
Then after simple computations it follows that v c is also continuous across the interface
thus, it is equal to the inflow velocity
The continuity of v c across the infiltration front and the fact that x i (t) is a material interface fixed on the liquid phase
lead to the initial value problem
The solution of (3.12) can be obtained in explicit form
This equation should be solved as a system with the initial value problem (3.8), which specifies the development of the infiltration front x i (t).
Pressure driven infiltration.
If the inlet pressure ∆P (t) = P 0 (t) − P atm is given, then we can integrate the momentum equation (3.4) and use the continuity of the stress on the infiltration front
Then the solid volume fraction of the dry region is given as
Using this formula and the mass conservation, we can find the initial position of the left border of the preform after the incoming liquid compresses the preform
.
Taking the equation (3.12) and using (3.7) to eliminate u in from the obtained equation gives the initial value problem for the interface
The inflow velocity is then determined as
If ∆P (t) is constant in time, then one has
Non-Newtonian flow
In the previous section, we have considered Newtonian fluids for which Darcy's law specifies the relation between the velocity and the pressure. But a large number of fluids, such as polymer solutions, polymer melts, suspensions do not follow Newton's law of viscosity [21] . The flow of polymer resin through fibrous materials is a very important process in the resin transfer moulding technology. The literature on non-Newtonian fluid flows is far less complete (see an overview in [45] ). Some experimental results are presented in [44] , a numerical study is given in [48] .
One of the possibilities to describe non-Newtonian fluids is to modify the classical Darcy's law and use a generalized Darcy's law (power law). For the one-dimensional case, we have
where n is used to describe different types of fluids. If n < 1, then a fluid is pseudoplastic (polymer solutions are pseudoplastic). Dilatant fluids are described using n > 1. Here H is the non-Newtonian bed factor. Following [8] , we combine a power law model of a non-Newtonian fluid with the Blake-Kozeny model for the porous medium, this gives
where is the porosity of the structure. Then equation (4.1) can be rewritten as
Determination of the permeability. Using the generalized Darcy's law (4.2) and the fact that v c is constant in space, we can express the velocity of the liquid constituent as
After measuring the front velocity v w l (x i (t), t), the volume fraction corresponding to the solid Φ w s and the pressure gradient, we can determine the permeability of the homogeneous structure as
Forchheimer law
Darcy's law states the linearity between the velocity and the pressure. It holds for slow flows when the inertial effects of the flow are negligible. In this section, we consider one more correction to Darcy's law for large enough flow velocities. Then the relation between the velocity and the pressure is nonlinear. The following equation was proposed by Forchheimer and investigated by many authors (see, e.g. [2, 26, 29, 40] . Here we consider only the onedimensional case of the equation The nonlinear law (5.1) can be formulated as a Darcy-like law by introducing a velocitydependent permeabilityK [29] 
So (5.1) is now written in the following form:
∂x .
One-phase model
It is well known that the macroscopic flow behavior at large lengths is well captured by onephase flow models (see publications on RTM [9, 36, 47] ). Such models are sufficiently accurate in predicting the flow-front location, the mold-filling time, and the pressure distribution during mold filling. In this section, we consider a one-dimensional model of injection in a non-deformable porous medium (i.e., a rigid preform) with resin as the only phase.
Darcy's law. Let us assume that the flow is governed by the Darcy's law
where v = Φ l v l is the volumetric velocity (i.e., the amount of volume traversing a unit area per unit time through the preform). We also assume that the injection is isothermal. If the flow is saturated, then the assumption of resin incompressibility (i.e., the mass balance) leads to the following boundary value problem:
We obtain the solution in the explicit form
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The evolution of the infiltration front is described by the initial value problem
x i (0) = 0 , which integrates as
If the driving pressure is constant in time (constant pressure driven infiltration), then we obtain the position of the infiltration front as
Determination of the permeability. The established relationships can be used to evaluate the permeability K, if the positions of the flow front are recorded during the injection experiments and the fluid viscosity µ is known
We note, that one more relation for the evaluation of the permeability K follows directly from the infiltration front equation
On inverse problems for permeability determination. The problem of identification of the diffusion coefficient in parabolic or elliptic equations arises in numerous engineering, medical and scientific applications. We want to reconstruct the diffusion coefficient from some additional data on the solution [11, 25, 49] . This data can consist of values of the solution (or functionals of this solution) measured at the boundary or at some points of the time-space region.
Generally such inverse problems have notorious theoretical and numerical difficulties: non-monotonicity and severe ill-posedness, i.e., the inverse solutions are very sensitive to changes in the input data resulting from measurement. Hence, they may not be unique. Some regularization method should be used if we want to obtain a stable solution of the inverse problem [13, 22] . We apply such a regularization for determining the permeability coefficient K in the form of the least-squares method (see also [7] ).
Let during the experiment the positions of the infiltration front x i (t j ) be recorded at specific time moments t j , j = 1, 2, . . . , J. The objective function is defined as the sum of the weighted differences between the front positionx i (t j ) predicted from the computational model and its corresponding measured value
Identification of the permeability coefficient 1. For a given value of K, solve the direct problem describing the liquid moulding process.
Compute the objective function S(K)
and test the optimality of this value.
3. If the optimal value is not obtained, update the permeability K and return back to step 1.
Gradient-type methods or the nonlinear Simplex algorithm can be used to minimize the objective function.
Even if we have the explicit formula (6.2) for the estimation of the permeability K, the regularization algorithm must be used to overcome the ill-posedness of such estimation due to errors in experimental data. A stable value of K is obtained taking the mean-value of all estimations
Velocity driven infiltration. It is well known that the velocity of the infiltration front must not be too slow to ensure a good quality of the final product. If the velocity is too slow, it may result in the creation of air bubbles or voids between the fibers. We can determine the pressure which is sufficient to produce a constant flow rate of the injected resin. Let us consider the following problem:
Integration of this equation yields
v(x, t) = v 0 , 0 x x i (t) .
Using Darcy's equation and integrating it, we finally get the relation
i.e., the pressure on the injection line should increase linearly with time.
Generalized Darcy's law. In this subsection, we assume that the flow is governed by the generalized Darcy's law (or power law)
The explicit formula (6.1) is also valid for this case, thus similarly we obtain that for the generalized Darcy's law the infiltration front is given by
If the front positions x i (t) are recorded during infiltration experiments, then the permeability K can be evaluated as
Forchheimer law. In this subsection, we assume that the flow is governed by the Forchheimer law
First we will rewrite the formula for the modified permeabilityK, when the velocity dependence replaced by the pressure gradient dependence (see, also [29] ). Taking the absolute values of both sides of the equation and solving for a positive root |v| results in
where we use notation P = ∂P l /∂x and γ = ρ l c F /µ 2 . Substituting this expression into (5.2) leads to the relation
The mass balance for the incompressible fluid flow gives the following nonlinear boundary value problem:
We see that the diffusion is selectively slowed down in places where the gradient of the solution is large. Such nonlinear diffusion problems are used for mathematical modeling of many important processes, e.g., for nonlinear image processing [27, 33] . The existence and uniqueness of similar initial-boundary value problems was investigated in [6] .
In general, solving nonlinear diffusion problems is a very difficult task, but assuming that the flow is saturated (thus K and µ are constant), we again obtain the solution in the following form:
The evolution of the infiltration front x i (t) is described by the initial value problem
Let us consider the constant pressure driven infiltration. Scaling the position of the infiltration front and the time with characteristic constants
the initial value problem for the infiltration front can be rewritten as
In Fig. 1 we plot the computed values of the infiltration front position X 2 (t ). For comparison we also present position of the front obtained by using the Darcy law. We have investigated the case of the pressure driven infiltration where the drop of pressure is constant. At the beginning the inertial effects are important and the velocity of infiltration front movement is slower for the Forchheimer law. But as the front moves forward, the velocity decreases and the inertial effects become negligible. In this situation the flow is again described by the Darcy law. 
Experimental data
In this subsection, we present certain results of experimental measurements performed at the University of Kaiserslautern. The conditions of the experiment were characterized by a slow flow, a Newtonian liquid was used in the experiments. In Fig. 2 we plot the measured values of x 2 i (t) (circles) and the linear approximation (solid line), which is fitted to the experimental data using the least-squares method. The experiments performed under the conditions of pressure driven infiltration and two different values of the pressure were used.
As would can be expected, the presented results show that the model based on Darcy's law gives a good approximation of the movement of the infiltration front in this case. Next we present the measurements data obtained for non-Newtonian liquids and compare them with our analytical predictions. Three different liquids were used in the experiments. In Fig. 3 we plot the measured values of x 2 i (t). It is seen that in two cases the liquids are close to Newtonian liquids and the last one shows a strong non-Newtonian behaviour.
We also estimated the parameter n in the generalized Darcy's law (4.1). The following technique was used: find n such that
where x i (t k ) are the measured values of the front position, X i (t k , n) are the predicted values of the front
, and a(n), b(n) are obtained by using a linear fitting by the least-squares method of the transformed experimental data
The obtained results are presented in Table 1 . It follows from the presented results that the first and second fluids are very close to Newtonian liquids, but the third liquid can only be described by the generalized Darcy's law. In Fig. 4 we plot the measured values of x i (t k ) (for the third liquid) and the predictions of the front position given by the model based on the generalized Darcy's law with n = 0.4. 
Numerical method
Let us assume that at time t = 0 the liquid touches the left border of the preform. We are not trying to describe the early instants of the infiltration process and simply state that the incoming liquid compresses the preform and wets some part of it. Therefore, the initial positions of the border x e , as well of the infiltration front x i are given a priori
Then we can identify a wet region D w and a dry region D d . There are two main difficulties in constructing discrete approximations of the given differential problem
• Moving boundaries x e (t) and x i (t) (the Stefan type problem);
• The generalized Darcy's and Forchheimer laws for the flow velocities.
In this section, we will analyze some methods for solving the above one-dimensional differential problems. In order to simplify the presentation, we restrict ourselves to the mass and momentum balance Eqs. (3.1)-(3.4)
Here Q describes Darcy's, generalized Darcy's or Forchheimer's law terms. We assume that the viscosity of the resin is constant during the injection process, i.e., the injection process is finished before the effects of the curing reactions and temperature on the viscosity become significant.
Approximation of the infiltration front equation
The given one-dimensional problem is defined in the region with two free boundaries. Following [1], we define discrete meshes which are dynamically adapted to the moving boundaries
here M = M (t) is selected to preserve the quasi-uniform spatial discretization of the whole
Let τ n denote the discrete time step at t = t n . In the following, we will denote by Φ n j the finite difference approximation of Φ w s (x j , t n ).
Front tracking method. The front tracking method is applied to determine the time step τ n . Using the free boundary equation for x i (t), the time step τ n is chosen so that the infiltration front jumps from one node to the next node per time step. Thus, at time moment t = t n the infiltration front position coincides with the node M n = n. The time step τ n is computed from the discrete approximation of the infiltration front equation. 
Then the inflow velocity u in is computed from (3.14)
If the pressure drop ∆P l is constant in time, then these equations can be written in a simpler form
7.1.2. Velocity driven infiltration. We will use the fact that the infiltration front moves with the liquid
The time step τ n is obtained from the discrete equation
, t n ) .
Approximation of the mass conservation equations
For a moment let us assume that the left boundary x e (t) is not moving, i.e., it remains constant. In the case of Darcy's (or Forchheimer's) law, we can reduce the system of equations to a single nonlinear parabolic problem [18] 
Let us introduce the following notation of finite differences:
The discrete approximation is obtained using the finite-volume method. For ease of notation we suppress the superscript index n + 1 in M = M n+1 , if it makes no confusion. We use the upwind approximation for the convection part, centered differencing for the diffusion part and a backward Euler method for integration in time. Then the difference scheme takes the following form:
Such a definition ofΦ n M −1 is due to the fact that at t = t n the elementary finite volume
] covers the wet and dry regions. Therefore, the mass of the solid should be computed separately in both regions.
The system of nonlinear equations (7.2) is solved using the Picard linearization, at each iteration one gets a system of linear equations
Generalized Darcy's law. The above algorithm can also be used if the flow velocities are described by the generalized Darcy's law, at least when the parameter n D < 1. Here we have replaced the notation n by n D in formula (6.3). Then the iterative algorithm takes the following form:
Moving boundaries
In this section, we will take into account that the contact surface x e (t) is fixed on the solid. Thus, if v s (x e (t), t) = 0, then the boundary is also moving. Then the position of the grid points depends on the time and the discrete approximation should be constructed for the case where the grid points are moving at their own velocities independent of the velocity of the conservative quantity. Let us consider the elementary domain, which is described by our mesh [x j−1 (t), x j (t)]. We denote by v = v(x, t) the velocity of the grid points. Then it is convenient to use the integral formulation of the mass balance equation
Integrating it in the elementary volume [x j−1 (t), x j (t)] and using the equality ∂ ∂t
leads to the integral mass balance equation
where
There are many methods for solving equations describing the fluid flow problems in a moving coordinate system [4, 24, 30, 42, 46] . They are based on the flux corrected transport idea, when at the first step the equation is solved using some consistent approximation, e.g., the 2-step Lax-Wendroff method [30] , then anti-diffusion is added in such a way that the resulting method is still monotonicity preserving. In practical computations the fluxes are limited so that no new maxima or minima are generated and the existing extrema are not increased.
Next we present a general algorithm to solve the system of nonlinear partial differential equations (7.1) on a moving grid. Applying the finite-volume method, we approximate the integral equation (7.3) by the following conservative finite-difference scheme (the nonlinear equations are linearized using the Picard method):
where the numerical flux F w j+ 1 2 , Φ j+1 , Φ j is defined as follows (see, [14, 28] ):
The velocity of motion of the grid point x j (t n ) is defined as 
Approximation of the contact surface velocity
We will approximate the equation defining the contact surface x e (t) movement
Multiplying it by Φ w s , we get the total flux
Taylor's expansion gives the following estimate of the finite difference approximation:
or, using the mass conservation equation, one gets
Thus, we approximate the contact surface velocity with the high-resolution discrete formula
The contact front position is updated by the following relaxation method:
x e (t n,r ) = x e (t n ) + τ n w n,r , w n,0 = 0 .
Analysis of the boundary conditions
Simulation of liquid polymer moulding requires solving systems of nonlinear PDEs in domains with moving boundary fronts. The formulation of correct boundary conditions (and development of numerical algorithms for solving such boundary value problems) is still an open problem. In the previous analysis, we have followed papers [15, 17, 18, 39] and prescribed the given values for Φ w s on both moving fronts
The obtained boundary-value problem is well-defined and the numerical approximation of such boundary conditions is trivial. But the border x e is fixed on the solid and, therefore, it moves with the solid and then no boundary condition should be given on it. Let us consider in Q(t) = [x e (t), x i (t)] × (0, 1] the simple test problem
and assume that both borders are fixed on the solid.
SHASTA algorithm. The method is based on the following single flux element in the Lagrangian sense with a time step τ . Then the deformed flux element is interpolated to the new grid points at the next instant of time t n+1 . At t = 0 we take the uniform grid
At the time t n+1 the position of each grid point is defined by the motion of the solid volume fraction x n+1 j = x n j + τ v s (x n j , t) . Let us denote the space step of the obtained nonuniform grid as
The numerical approximation of the solution is computed by the following algorithm (the solution is inversely proportional to the length of the control volume) [4] :
We note that the original SHASTA algorithm consists of two stages, where during the second stage the corrected values of the solution are obtained by solving the anti-diffusion equation. In the case where all grid points move at the solid fraction velocity, these two steps can be combined into one. The generalization of the SHASTA algorithm for the case where the grid points move at arbitrary velocities is presented in [24] .
At the end of this subsection we will give some remarks on the stability of the SHASTA algorithm. It is explicit and thus the scheme is only conditionally stable. A very small time step τ is needed for flows with large velocities. In LPM problems the velocity depends also on the gradient of the solution. Thus, the Picard-type linearization will lead to an explicit approximation of the parabolic type problem.
FVM algorithm. Let us assume that the boundary fronts move with the solid, and at each time step we use a uniform grid, i.e., the grid points move at some velocity v(x, t) different from the solid fraction velocity v s (x, t).
We again use the integral mass conservation equation (7. 3) and apply it for the control volume [x e (t), x 1/2 (t)]. Since the boundary front x e (t) moves with the solid fraction, the mass flux on this boundary is equal to zero and we get the discrete equation
1/2 ) and
Similarly, on the right boundary front we obtain the equation
The obtained approximations of the boundary conditions can lead to linear equations, which do not satisfy the discrete maximum principle. Let us consider the case where w 1/2 < 0, then it follows from (7.4) that
Computational experiments show that a sufficiently small time step τ should be used in order to preserve the monotonicity of the solution.
Algorithm in the Lagrangian coordinate system
One of the main challenges of solving such a type of problems is due to the moving fronts, e.g., the determination of x e (t) and x i (t) and approximation of differential equations and boundary conditions on grids moving in time. An alternative is to formulate the problem within the Lagrangian framework, introducing a new coordinate fixed on the solid constituent.
Reformulation of the mathematical model
First we rewrite all equations of the mathematical model in such a form that the advection terms with the solid matrix velocity v s are written explicitly [17] (we will write only the equations for the solid matrix and the degree of cure) As a reference configuration, we consider the one in which the solid is dry at rest, i.e., Φ In the Lagrangian coordinates, the wet domain becomes
where the left boundary x e (t) always corresponds to ξ = 0. Then we obtain the following equations for the functions Φ s (ξ, t) = Φ w s (ξ, t) and δ(ξ, t):
The infiltration front position is obtained from the equation
Here it is taken into account that the liquid phase velocity with respect to the solid matrix is given by v l − v s .
Numerical algorithm
We introduce a uniform grid in the domain of definition D w h = {ξ j : ξ j = jh, j = 0, 1, . . . , M (t), ξ M = ξ i (t) } .
The new time step again is selected in such a way that the infiltration front moves one space node per time step
Here we have assumed that the pressure drop ∆P l is time constant.
The solid phase mass conservation equation is approximated by the following finitevolume scheme: If required, the position of the free border x e (t) can be computed integrating the differential equation dx e (t) dt = v s (x e (t), t) .
Recall that in the Lagrangian coordinate system this border is fixed at ξ = 0.
IMPES type algorithm
The given nonlinear system of equations can be linearized by solving sequentially the pressure and saturation equations [23] . The application of this method to problem (3.1) -(3.4) gives the following algorithm:
1. Implicit Pressure Equation −δ − δ + P n,r = δ − δ + Σ w Φ n,r−1 , P n,r 0 = P 0 , P n,r M = P atm .
Mass Balance Equation
The difference scheme which uses the Enquist-Osher numerical flux [14, 28] 
Numerical experiments
The simulations presented in this section use the values of the parameters given in [16] , where the infiltration of thermosetting resin in a network of glass fibers is considered. The dependence of the permeability on the volume ratio is assumed to be given by K(Φ In order to test the proposed finite-difference scheme, we simulated the infiltration process which is driven by a constant pressure of 0.1 MPa. After the application of the pressure, the preform is initially compressed from 300 mm to 282 mm. Fig. 5a shows the evolution in time of x e (t) and x i (t). As it is expected from the one-phase model, the interface x i (t) moves as √ t, at least for the initial time interval. Fig. 5b gives the evolution of the solid volume fraction at different time moments.
